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ESTIMATES OF THE INVARIANT DENSITIES
OF ENDOMORPHISMS WITH
INDIFFERENT FIXED POINTS

BY
MAXIMILIAN THALER

ABSTRACT

Numbertheoretical endomorphisms with indifferent fixed points are consi-
dered, whose invariant densities can be determined up to multiplication by
functions bounded away from zero and infinity.

1. Introduction

A large number of recent publications deal with questions concerning
absolutely continuous invariant measures of numbertheoretical endomor-
phisms. Most results stating sufficient conditions for the existence provide basic
information about the measures and their densities. They may, for example,
allow us to decide whether the invariant measures are finite or infinite, or to
deduce analytic properties of the densities from the corresponding properties of
the transformations (see References). The purpose of the present paper is to give
estimates for densities belonging to transformations with infinite invariant
measures, generalizing the estimates obtained by A. Rényi [9] in case of finite
measures.

If a transformation satisfies Rényi’s condition C, then the appertaining
invariant density h fulfils

aEh(x)=c,.

where ¢, ¢, are positive constants. Many well-known examples which do not
satisfy this condition have indifferent fixed points, and the invariant densities are
not bounded. In this case it may be possible to find positive constants ¢;, ¢; and a
function ho such that
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i ho(x) S h(x)=c,. ho(x),
where h, can be represented easily in terms of the transformation. Here we shall
be dealing with such estimates, motivated by the growing interest of ergodic
theorists in transformations preserving infinite measures.

The theory of jump transformations as developed by F. Schweiger in [10] and
[11] turns out to be an appropriate tool to study this problem. Throughout the
paper we make use of the results proved in [11], without repeating them in
detail. In section 2 we prove the basic estimate. Section 3 contains applications
and a few examples.

2. Definitions and main result

Let us first recall the definitions of indifferent fixed points and regular sources
of a differentiable function f: A CR—>R.

zE€A is called an indifferent fixed point of f, if lim,_.f(x)=2z and
lim.., |f(x)] =1

An indifferent fixed point is a regular source, if there exists a positive real «
such that | f'(x)|is decreasing on (z — @, z) N A and increasing on (z, z + &) N A.

Let B be an interval with (0,1)C B C[0,1], and let {B(i):i €1} be a
collection of non-degenerate disjoint subintervals whose union is B, where I
contains at least two elements. We shall be concerned with transformations of
the following type:

(T1) T: = Tjn, is differentiable, and T'= b >0 on B.

(T2) TB(i)=B; {B(i):i €I} is a generator.

(T3) All indifferent fixed points are regular sources.

By (T1) and (T2) each B(i) contains exactly one fixed point, which we denote
by x..

(T4) Theset J ={i € I : x; is indifferent fixed point} is non-empty and finite.
In particular, (B, T) is a fibered system in the sense of [11]. In accordance with
our intention we suppose T admits a uniquely determined invariant measure
absolutely continuous with respect to Lebesgue measure m. If the invariant
measure is infinite, there is no natural way of normalizing the density. As our
statements are not affected by the choice of the normalization we shall use the
notation ‘density’ meaning a suitable version,

For each T, we define a jump transformation referred to in the sequel as the
jump transformation associated with T. This definition requires further nota-
tions.
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B(ky, - k)= N T7'B(k), (ki -+ k)EI", nZl;
i=1

% = class of ail cylinders B(k,, -, k.), nZ1;
B.(k)=B(k,---, k), k€I, nz1,
N —

n times

P.={B.(k):ke€J}, nz1,; gA=Z\NU 2.;

n=1

%n = {B(kl, St k,,)E .9¢ : B(kl, ct k,._l)E 9,._1}, n ; 1,

D.=UZ;, B.=yUz
Zea, zZe®,

Our assumptions imply lim,.. m(D,) = 0. Hence the jump transformation T*
given by T*(x)=T"(x), x €B,, is defined a.e. on B. The choice of this
particular class & as the starting point of the construction of T* is motivated by
the fact that jump transformations defined in this way frequently have invariant
densities bounded away from 0 and «, and, in what follows, we shall demonstrate
how to deduce the desired estimates from this information about T*.

Denote the inverse of T; by Vi, and define the functions G: (x), F.(x) in the
following way:

(x-x).(Tx-x)", x€B(i), x#x,
G.~(x)={

1, x € B\B(i);
(x—x)(x—Vx)", x€B(), x#x,
Fi(x) ={
1, x € B\B(i).

THEOREM 1. Let T satisfy (T1)-(T4), and assume T* to have an invariant
density h* satisfying ¢ =h* = c%, where c,c% are positive constants.

Then there exist positive constants c,, ¢, such that the invariant density h of T
satisfies

cl.ﬂ G,-(x)éh(x)écz.HF,-(x), xEB\{x;:jEJ}.

First we prove an elementary lemma which is basic for all of our results.

LEmMmA. Leta,e €ER(i=1,2),6,20,e,+¢,>0,E=(a—e,a+ e;), and let
f:E — E be increasing and differentiable, satisfying
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@) |f(x)—a|<|x-a]l, x € E\{a},

(b) f' is increasing on (a — e,, a) and decreasing on (a, a + e,).

Denoting by f, the n-th iterate of f, and putting g(x)=27_,fl(x), x EE, we
have

gx)={f(x)—a}. {x-f(x)}', x€E\a}

and

gx)z{x—al.{f'(x)-x}", x € f(E)\{a}.

ProoF. Suppose e,>0, and define

gn ()= Z fit), t1E€(aa+e).

Let x €(a, a + e,) be fixed. We have f(x)<x, and

ff;) g (1)t = EN: [ (0) = farsCO)] = £(x) = frvn(x).

By condition (b) f. is decreasing on (a,a + e;), so gn is also decreasing. In
particular,

gn(fx)Z gu()Z gu(x)  for f(x)=t=x
Thus,

(=16 an@)= [ gnl0)dt = £~ funte),

(= F0)) - gu N Z [ gul@dt = 1) = fonn(o)
Taking into account that lim,_.. f, (x) = a, we obtain, letting N —> o,
(= ()-8 () = () -,
(= ()-8 (=) 2 f(x) - a

We replace x by f7'(x) in the second inequality, completing the proof in case
x > a. The same kind of argument applies to the other case. 0
Notice that equality holds for the special case f(x)=a +q.(x — a),0<qg <1.

ProorF oF THE THEOREM. The density h can be written in the form
h(x)=h*(x)+ ZJ X (Vi) (VY (x)
j€EI n=1

(see [10], theorem 2; [11], theorems 4 and 5). In view of our assumptions this
leads to
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jEIn=1

ct. [1 +§2 (V;‘)'(x)]g h(x)<ct. [1 +TS (V}‘)’(x)] .

By the conditions imposed on T, we can find neighbourhoods E; C B(j), j € J,
such that the functions V; : E; — E; have the properties required in the Lemma.

In order to obtain the lower estimate we choose a positive number M, such
that

[1Gx)sM/  forxeB\ U V,(E).

ji€s

Suppose first x € V;(E;), x# x;, for some j € J. Using the Lemma, we get

h(x)=c*. }j (V7Y(x)

%

i (x =5 )(T(x)-x)"

cT.HG,(x).

i€y

For x € B\U,., V,(E)),

h(x)zctzct. M. ][ G, (x).
=3
Hence ¢, =min{c%, c¥. M:'} is a suitable constant.
To prove the upper estimate we show first that the functions X7, (V})'(x) are
bounded on B\E; for each j € J. To do this we choose positive integers p = p(j)
such that B, (j) C E;. Using (T1) and applying the Lemma, we get

2 (Vi) = 3 (Vi) + 3 (VIR (V@)

2 b+ b7 2 (V) (Vix)

n=1

A

= "2:1 b7+ b7 {V]" (x) = x;} AVI(x) - VI ()}

Taking into account that {V;(x) - x;}.{x ~ V,(x)}" is bounded on B\B,,(j) and
Vi(x) € B\B,,(j) for x € B\E,, the statement follows.
Now let M,, M; be positive real numbers such that

@

k}e:]“l(V:)’(x)éMz forxEE, jE€J,
k#j
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=

2 (V)(x)=M, forxeB\ | E,

n jes

Fi(x)z M, forxe B\ U E,.

jes

?n.
(-

Then we have for x € E;, x# x;,

h(x)=ct [1 + 2 (v;')'(x)+k%§l (v:)'(x)]

A

ci(l+ M) +{V;(x) - x}.{x = Vi (x)}™)

i1+ Mo)(x —x; ){x - V; (x)}

c1(1+ M) [] F(x).
jery
For x e B\U,o,E,,

h(x)=ci(1+ M) =ci(1+ M,). M5' . T] E(x).

=

This completes the proof. O

If stronger differentiability conditions are imposed on T, the functions I1,<, G,
Iljc; F; can be replaced by more simple ones. An important special case is
considered in the following corollary.

CoroLLARY 1. Let T satisfy the conditions of the Theorem. Assume in
addition that T admits expansions
Tx)=x+a(,m+D(x-x)""+aln,n+2)(x—x)"+.--
a(j,m +1)#0, at each indifferent fixed point x;.
Then there exist constants d, = d, >0 such that

di Jllx-x[shx)=d, . J] |x-x|™

Proor. Epanding V; at x; yields
Vi)=x—a(,m+1D(x —x)"" + b, +2)(x —x, )"+ - -
for x near x,. Therefore,

lx =] [Tx—x["=]x—x|™. R(x),
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lx=x|.|x = Vi)' =[x~ x[".5(x),

where the functions R;, r; are positive and bounded in a suitable neighbourhood
of x;, j € J. The remaining arguments are similar to those in the preceeding
proof, and are therefore omitted. ]

3. Applications and examples

Before our results can be applied to a given transformation T, it must be
shown that the associated jump transformation T* has an invariant density
bounded away from 0 and «. R. L. Adler has introduced a simple sufficient
condition which ensures the existence of such a density for expansive transfor-
mations (see [2] and [3]). We shall prove that, in order to check this condition for
T*, it suffices to check it for T. Our results can therefore be applied to a large
number of examples without much calculation.

The class U, B. is a suitable time-one-partition for T*. As an index set I*
we take as usual

I*={(ki, -, ka):B(ki, ", ko) E Bo,n = 1}.
If k*=(ki,---, k,)EI*, we denote the inverse of
T*:B(k, - k.)— B
by W,..
THEOREM 2. Let T satisfy (T1)A(T4). Suppose the functions V, (i € I) are
twice differentiable, and
A= sup sup [ Vi) || VX)) is finite.
Then o
A* = sup sup | Wi-(x)|| Wi-(x)["  isfinite.
k*el* xcB
Proor. Let k* = (ky, - -, kn+1) € I'* be fixed. It suffices to consider the case

Nzl
In view of the definition of By,

B(k1, ey kN+1) = BN(])ﬂ T_NB(k)
for some j € J and some k € I with k # j. Therefore,
Welx) = Vi(Vi(x)).
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It was shown in the proof of Theorem 1 that the functions Z7_,(V7)(x) are
bounded on B\B(i), i € J. Hence, there exists a constant M such that

E(V:‘)’(x)éM forall x € B\B(i)and alli € J.
A standard computation yields
WE(x) (W)l = Vidx) 3 AVIVIVaDHVIV IV D (Vi (Vi)

+ Vi) VIV {V(Ve)l ' + VieO{Vio)r .

From this we get

[WE(x)|. | W (x)| "= b7 A. l::lz;: (V) (Vix)+ 2]

gb*.A.[E;(vnxvg)+2]

=b . A.(M+2),

where the last step is justified by Vi (x) € B\B(j). O
Using Theorem 2 and Adler’s Theorem we obtain the following sufficient
condition for the results stated in section 2 to be applied.

CoroLLARY 2. Let T and V; (i € I) satisfy the conditions of Theorem 2. If T*
has a power with derivative bounded away from 1, then the hypotheses of Theorem
1 are fulfilled.

In particular, T* itself has the required property, if T’ is bounded away from 1
on B\ U,/ E, for every choice of neighbourhoods E, of x;. O

It follows by theorem 2 in [11] that T is ergodic under the conditions of the
Corollary. In this case, T is also conservative, so the invariant measure is
uniquely determined.

In order to get some simple examples we consider a class of f-expansions.

Let d ENU{»}, d 22, and let f:[0,d)— [0, 1) be increasing, twice differen-
tiable and concave, with f(x) <x, x € (0, d), and lim,_,f(x) = 1. Assume further
that f"(x){f'(x)}"" is bounded. According to Rényi’s terminology, the functions f
determine f-expansions of type B with independent digits.

Applying Corollary 2 and the results of section 2 to T(x)= f'(x) (mod 1) we
conclude
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¢.Gx)sh(x)=c,.F(x),
_ {x. {f'(x)-x}", x€(,f(Q)),
G(x)=
1, x €[f(1),1),
{X-{x - f()}x €0, £(1)),
F(x)=
1, x €[f(1),1),
resp.
di.x"=h(x)=d,. x™", x€(@©,1), d.zd, >0,

in case f admits an expansion f(x)=x+a...x""'+ -+, @..,#0, valid in a
neighbourhood of 0.
Notice that the first estimate is equivalent to

0<c=h(x)=¢, if f/(0)<1.

EXAMPLES

(1) Let us start with a few examples taken from elementary real analysis.
(L1) fix)=x(1+x)
(1.2) f(x)=1-¢7;
(1.3) f(x)=tanhx;
(1.4) f(x)= (2/m)arctan 7x /2.
By the preceeding arguments, the invariant densities h belonging to (1.1) and
(1.2) can be written as

h(x)=x7".ho(x), where 0<c,=hyx)=c,,
while the densities belonging to (1.3) and (1.4) are of the form
h(x)=x77 hox), 0<c,=hyx)=ca
It is well known that ho(x) is constant for example (1.1) (A. Rényi).
(2) Define
far(x)=x(x + D[P.(x)]"", x=0, neEN,

where P, (x) = 2% ax*, a = @u.i = (i), 0= k = n. The functions f,., determine
f-expansions satisfying the required conditions. As f,.,(x) = x — x"*>*- - - at 0,

h(x)=x7""ho(x), 0<c,=he(x)=c,.
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As a matter of fact, ho(x) is constant for these examples. They are special cases
of the following continuous-parameter family of f-expansions.
Let a >0, a#1, and define

fu@)={x""—-(A+x)"+1}"",  x>0.
Since

far)={x" =+ x) b {f (),

Kuzmin’s equation

h(,(x)=§0 ho(F. (x + k) fi(x + k)

is easily checked for h,(x)= x"*. Each f, has slope 1 at 0, so for 0 <a <1 we
have examples of transformations with indifferent fixed points and finite
invariant measures.

It is interesting to note that Rényi’s example (1.1) is obtained for a — 1.

(3) The transformations
Tx=x+x"(mod1), 0<s<]1,

mentioned in [4], show that A < is not necessary for A * <« (cf. Theorem 2).

Putting A(x) = T"(x){T"(x)}*, we have

Ax)=sl+s)x*[1+(s+ Dx*]7
hence A = sup.eenA(x)= .

Let g(x)=x+x"% x€[0,1), f=g", B(0)=[0,f(1)), B(1)=[f(1),1), and
q(x)=f"C)Hf N As g(x) = x +{g ()} (1+x°)77, f(x) = x - x'. f(x),
where f(x) decreases from 1 to 27'* on [0,2].

qg(x)= A(f(x)), so q is decreasing and integrable on (0,1). We put Q(x)=
[oq(t)dt. By exactly the same reasoning as in the proof of the Lemma,

> 40" NIV = QN - fRF,  x€0.2)
Thus, adapting the formula for Wi.(x).{Wi.(x)}"' to this situation,
| W) {Wie(x)}'= Q(FP(x + D) {f(x + 1)~ f(x + DI+ q(f(x + 1))
+q(x +1).

Since the right hand side is bounded, A* <,
Forsz 1, A* < isimplies by A <®. As T'(x} is bounded away from 1 on
(e, 1) for each e > 0, Corollary 2 applies, and we get by Theorem 1 for each s >0,
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Ci.x=Eh(x)=c¢.x70, x€(0,1), c;zc¢,>0.

We conclude our considerations with an application to transformations of the
entire real axis. Consider

T.:R>R:xpx—-x" (nz0).
By transforming on the unit interval via
xp2{x(1+|x|)"+1}, for example,

one gets a transformation with indifferent fixed points at 0 and 1, and Corollary 2
applies to the associated jump transformation (see also [10] for n = 0). Hence,
looking at the expansions at 0 and 1, one sees that the density h, of T, can be
represented as

h.(x)=(1+x).g.(x),

where g. is bounded away from 0 and « on R. As is well known, g, is constant.
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